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Abstract
In this paper we study the behavior of general integral operators on weighted Lp spaces. Particular
cases include the main index transforms and the operators with complex Gaussian kernels. We also
extend some previous results established in [E.R. Negrin, Proc. Amer. Math. Soc. 123 (1995) 1185–
1190].
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1. Introduction
In this paper we consider the integral operator given by
(Ff )(y) =
∫
I
f (x)K(x, y) dx, (1.1)
where y ∈ I (I denoting some interval in R, possibly unbounded), over the spaces
LP (I,w(x) dx), 1 p ∞, under suitable conditions on the kernel K and the weight w.
We prove that for w > 0 a.e. on I and under some conditions of the kernel K ,
the operator F given by (1.1) is bounded from Lp(I,w(x) dx) into Lq(I,w(x) dx) for
1 p ∞ and 0 < q ∞.
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and Mehler–Fock transforms [8, Chapter 3], amongst others. We establish boundedness
properties for these transforms for suitable weights and suitable conditions of the
parameters of these transforms.
For the particular case when one considers operators with complex Gaussian kernels,
i.e.,
(Ff )(y) =
+∞∫
−∞
exp
{−x2 − βy2 + 2δxy + γ x + ξy}f (y) dx, (1.2)
y ∈ R, ,β, δ, γ, ξ ∈ C, we improve a previous result established in Theorem 3.2 of [7].
It was proved that (1.2) is bounded from L2(R, dx) into Lq(R, dx), for any 0 < q < ∞,
and being ,β, δ, γ, ξ real numbers with  > 0 and δ2 < β. Now, we prove boundedness
properties for (1.2) from Lp(R, dx) into Lq(R, dx), for 1 p ∞ and 0 < q ∞, being
,β, δ complex numbers such that Re  > 0 and (Re δ)2 < (Reβ) · (Re ).
2. The operatorF on the spaces Lp(I,w(x)dx), 1 < p <∞
In this section we study the behavior of the operator F on the spaces Lp(I,w(x) dx),
1 < p < ∞.
Proposition 2.1. Assume 1 < p < ∞, p + p′ = pp′, and w > 0 a.e. on I . Then for all
0 < q < ∞ and∫
I
[∫
I
∣∣K(x,y)∣∣p′w(x)−p′/p dx
]q/p′
w(y) dy < ∞, (2.1)
the operator F given by (1.1) is bounded from Lp(I,w(x) dx) into Lq(I,w(x) dx). Also,
if
ess supy∈I
{∫
I
∣∣K(x,y)∣∣p′w(x)−p′/p dx
}
< ∞, (2.2)
then the operator F given by (1.1) is bounded from Lp(I,w(x) dx) into L∞(I,w(x) dx).
Proof. Using Hölder’s inequality one has∣∣(Ff )(y)∣∣ ∫
I
∣∣f (x)∣∣∣∣K(x,y)∣∣dx = ∫
I
∣∣f (x)∣∣∣∣K(x,y)∣∣w(x)1/pw(x)−1/p dx

(∫
I
∣∣f (x)∣∣pw(x) dx
)1/p
·
(∫
I
∣∣K(x,y)∣∣p′w(x)−p′/p dx
)1/p′
= ‖f ‖p ·
(∫ ∣∣K(x,y)∣∣p′w(x)−p′/p dx
)1/p′
.I
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I
∣∣(Ff )(y)∣∣qw(y) dy  ‖f ‖qp ·
∫
I
(∣∣K(x,y)∣∣p′w(x)−p′/p dx)q/p′w(y) dy,
and so,
∥∥Ff ‖q  ‖f ‖p ·
[∫
I
(∫
I
∣∣K(x,y)∣∣p′w(x)−p′/p dx
)q/p′
w(y) dy
]1/q
.
Thus F is bounded from Lp(I,w(x) dx) into Lq(I,w(x) dx), for all 1 < p < ∞ and all
0 < q < ∞, whenever (2.1) holds.
Also,
ess sup
y∈I
∣∣(Ff )(y)∣∣ ‖f ‖p · ess sup
y∈I
{∫
I
∣∣K(x,y)∣∣p′w(x)−p/p dx
}1/p′
,
and soF is bounded from Lp(I,w(x) dx) into L∞(I,w(x) dx), whenever (2.2) holds. 
3. The operatorF on the space L1(I,w(x)dx)
We now prove a corresponding result to Proposition 2.1 for the case when p = 1.
Proposition 3.1. Assume w > 0 a.e. on I . Then, for any 0 < q < ∞ and∫
I
(
ess sup
x∈I
|K(x,y)|
w(x)
)q
w(y) dy < ∞, (3.1)
it follows that the operator F given by (1.1) is bounded from L1(I,w(x) dx) into
Lq(I,w(x) dx).
Also, for
ess sup
y∈I
ess sup
y∈I
∣∣K(x,y)∣∣
w(x)
< ∞, (3.2)
the operator F given by (1.1) is bounded from L1(I,w(x) dx) into L∞(I,w(x) dx).
Proof. Observe that
∣∣(Ff )(y)∣∣ ∫
I
∣∣f (x)∣∣∣∣K(x,y)∣∣w(x)w(x)−1 dx
 ess sup
y∈I
{∣∣K(x,y)∣∣
w(x)
}
·
∫ ∣∣f (x)∣∣w(x) dx.
I
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∣∣(Ff )(y)∣∣q  ‖f ‖q1 ·
(
ess sup
y∈I
∣∣K(x,y)∣∣
w(x)
)q
.
So, ∫
I
∣∣(Ff )(y)∣∣qw(y) dy  ‖f ‖q1 ·
∫
I
(
ess sup
y∈I
∣∣K(x,y)∣∣
w(x)
)q
w(y) dy,
and thus
‖Ff ‖q  ‖f ‖1 ·
(∫
I
(
ess sup
y∈I
∣∣K(x,y)∣∣
w(x)
)q
w(y) dy
)1/q
.
Therefore, F is bounded from L1(I,w(x) dx) into Lq(I,w(x) dx), for all 0 < q < ∞,
whenever (3.1) holds.
Also,
‖(Ff )(y)| ‖f ‖1 · ess sup
y∈I
∣∣K(x,y)∣∣
w(x)
,
and so
ess sup
y∈I
∣∣(Ff )(y)∣∣ ‖f ‖1 · ess sup
y∈I
ess sup
y∈I
∣∣K(x,y)∣∣
w(x)
.
Thus, F is bounded from L1(I,w(x) dx) into L∞(I,w(x) dx) whenever (3.2) holds. 
4. The operatorF on the space L∞(I,w(x)dx)
We now prove a corresponding result to Proposition 2.1 for the case when p = ∞.
Proposition 4.1. Assume w > 0 a.e. on I . Then, for any 0 < q < ∞ and
∫
I
(∫
I
∣∣K(x,y)|dx
)q
w(y) dy < ∞, (4.1)
it follows that the operator F given by (1.1) is bounded from L∞(I,w(x) dx) into
Lq(I,w(x) dx). Also, for
ess sup
y∈I
∫
I
∣∣K(x,y)∣∣dx < ∞, (4.2)
the operator F given by (1.1) is bounded from L∞(I,w(x) dx) into L∞(I,w(x) dx).
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I
|f (x)|∣∣K(x,y)∣∣dx  ess sup
y∈I
|f (x)| ·
∫
I
∣∣K(x,y)∣∣dx.
So, for any 0 < q < ∞ one has
∣∣(Ff )(y)∣∣q  ‖f ‖q∞ ·
(∫
I
∣∣K(x,y)∣∣dx
)q
.
Thus,∫
I
∣∣(Ff )(y)∣∣qw(y) dy  ‖f ‖q∞ ·
∫
I
(∫
I
∣∣K(x,y)∣∣dx
)q
w(y) dy,
and therefore
‖Ff ‖q  ‖f ‖q ·
(∫
I
(∫
I
∣∣K(x,y)∣∣dx
)q
w(y) dy
)1/q
.
So, from condition (4.1), it follows that F is bounded from L∞(I,w(x) dx) into
Lq(I,w(x) dx), for all 0 < q < ∞. Also∣∣(Ff )(y)∣∣ ess sup
y∈I
∣∣f (x)∣∣ · ∫
I
∣∣K(x,y)∣∣dx,
and so
ess sup
y∈I
∣∣(Ff )(y)∣∣ ‖f ‖∞ · ess sup
y∈I
∫
I
∣∣K(x,y)∣∣dx.
Thus, F is bounded from L∞(I,w(x) dx) into L∞(I,w(x) dx) whenever (4.2)
holds. 
5. Particular cases: the index transforms and the operators with complex Gaussian
kernels
5.1. The Kontorovich–Lebedev transform
The Kontorovich–Lebedev transform [8, Chapter 2] of a suitable function f is given by
(Ff )(y) =
∞∫
0
f (x)Kiy(x) dx, y > 0, (5.1)
where Kiy denotes the modified Bessel function of the third kind of purely imaginary order
[2, p. 5]. Here one takes the spaces LP (I, eax dx), 1 < p < ∞, α < 0 and I = (0,∞).
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∣∣Kiy(x)∣∣K0(x), x > 0, and
∞∫
0
K
p′
0 (x)e
−(αp′/p)x dx < ∞,
whenever α > −p. Thus, for −p < α < 0 and 1 < p < ∞, the operator F given by (5.1)
is bounded from Lp(I, eax dx) into Lq(I, eax dx), for all 0 < q < ∞.
Also, for α > −p and 1 < p < ∞, this operator F is bounded from Lp(I, eax dx) into
L∞(I, eax dx).
However, the hypothesis of our results are not satisfied for p = 1, since K0 is not
essentially bounded on (0,∞). Even so, we do not know whether or not the conclusion
holds.
Also for α < 0, the operator F is bounded from L∞(I, eax dx) into Lq(I, eax), for any
0 < q < ∞.
Moreover for any α ∈ R, this operator F is bounded from L∞(I, eax dx) into
L∞(I, eax dx).
5.2. The Mehler–Fock transform
The Mehler–Fock transform [8, Chapter 3] of a suitable function f is given by
(Ff )(y) =
∞∫
0
f (x)P−n−1/2+iy(coshx) dx, y > 0, n ∈ N ∪ {0}, (5.2)
where P−n−1/2+iy is the Legendre function of first kind [1, p. 121].
Here the spaces Lp(I, eax dx), 1 < p < ∞, are considered where I = (0,∞). Observe
that for all y > 0
|P−n−1/2+iy(coshx)| P−n−1/2(coshx), x > 0, n ∈ N ∪ {0},
and
∞∫
0
P−n−1/2(coshx)
p′e−(αp′/p)x dx < ∞,
whenever α > −p/2.
Thus for −p/2 < α < 0 and 1 < p < ∞, the operatorF given by (5.2) is bounded from
Lp(I, eax dx) into Lq(I, eax dx), for any 0 < q < ∞.
Also, for α > −p/2 and 1 < p < ∞, this operator F is bounded from Lp(I, eax dx)
into L∞(I, eax dx).
For −1/2 < α < 0, the operator F is bounded from L1(I, eax dx) into Lq(I, eax dx),
for any 0 < q < ∞.
Also for α > −1/2, the operator F is bounded from L1(I, eax dx) into L∞(I, eax dx).
Moreover, for α < 0, the operatorF is bounded from L∞(I, eax dx) into Lq(I, eax dx),
for any 0 < q < ∞.
Finally, for α ∈ R, this operator F is bounded from L∞(I, eax dx) into L∞(I, eax dx).
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The 2F1-index transform was considered by González, Hayek and Negrin in [3–5]. This
transform is given by
(Ff )(y) =
∞∫
0
f (x)F(µ,α, y, x) dx, y > 0, (5.3)
where
F(µ,α, y, x) = 2F1
(
µ + 1
2
+ iy,µ + 1
2
− iy;µ+ 1;−x
)
xα, α ∈ R, µ > −1
2
,
and 2F1 is the Gaussian hypergeometric function [1, p. 59].
In this case we consider the spaces Lp(I, (1 + x)γ dx), γ ∈ R, and I = (0,∞).
Observe that for all y > 0,∣∣F(µ,α, y, x)∣∣ F(µ,α,0, x), x > 0,
and
∞∫
0
F(µ,α,0, x)p
′
(1 + x)−γp′/p dx < ∞,
whenever −1/p′ < α < µ − 1/2 + γ /p. So, for γ < −1, −1/p′ < α < µ − 1/2 + γ /p
and 1 < p < ∞, the operator F given by (5.3) is bounded from Lp(I, (1 + x)γ dx) into
Lq(I, (1 + x)γ dx), for any 1 < p < ∞ and any 0 < q < ∞.
Also, for −1/p′ < α < −1/2 + γ /p and 1 < p < ∞, this operator F is bounded from
Lp(I, (1 + x)γ dx) into L∞(I, (1 + x)γ dx).
Moreover, for 0  α  µ + 1/2 + γ and γ < −1, the operator F is bounded from
L1(I, (1 + x)γ dx) into Lq(I, (1 + x)γ dx), for any 0 < q < ∞.
Also, for 0 α  µ+1/2 +γ , the operatorF is bounded from L1(I, (1 +x)γ dx) into
L∞(I, (1 + x)γ dx).
For −1 < α < µ−1/2 and γ < −1, the operatorF is bounded from L∞(I, (1+x)γ dx)
into Lq(I, (1 + x)γ dx), for any 0 < q < ∞.
Finally, for −1 < α < µ − 1/2, the operator F is bounded from L∞(I, (1 + x)γ dx)
into L∞(I, (1 + x)γ dx).
5.4. The operators with complex Gaussian kernels
The operator with complex Gaussian kernel (cf. [6,7]) of a suitable function is given by
(Ff )(y) =
+∞∫
−∞
exp
{−x2 − βy2 + 2δxy + γ x + ξy}f (x) dx, (5.4)
y ∈ R, ,β, δ, γ, ξ ∈ C.
Here, one takes the spaces Lp(I, dx), 1 < p < ∞, where I = R.
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∫
I
(∫
I
|K(x,y)|p′ dx
)q/p′
dy
=
+∞∫
−∞
exp
{
q Re ξy − q Reβy2}
·
( +∞∫
−∞
{−p′ Re x2 + p′ Reγ x + 2p′ Re δxy}dx
)q/p′
dy
=
√
π
p′ Re 
· exp
{
q(Reγ )2
4 Re
}
·
+∞∫
−∞
exp
{
q
(
(Re δ) · (Reγ )
Re 
+ Re ξ
)
y − q
(
Reβ − (Re δ)
2
Re 
)
y2
}
dy.
Now, for (Re δ)2/Re  < Reβ , this last integral is bounded. Thus, the operator F
given by (5.4) is bounded from Lp(I, dx) into Lq(I, dx), for any 1 < p < ∞ and any
0 < q < ∞, whenever Re  > 0 and (Re δ)2 < (Reβ) · (Re ).
Also, for Re  > 0 and (Re δ)2 < (Reβ) · (Re ), the operator F is bounded from
L∞(I, dx) into Lq(I, dx) for any 0 < q ∞.
Moreover, for Re  > 1 and (Re δ)2 < Reβ , or alternately, for Reβ > 1 and (Re δ)2 <
Re , the operator F is bounded from L1(I, dx) into Lq(I, dx), for any 0 < q ∞.
Also, for Re δ = 0, Re  > 0 and Reβ > 0, the operator F is bounded from L1(I, dx)
into Lq(I, dx), for any 0 < q ∞.
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